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(i) |xr(t)| ≤ r ∀t ∈ [0, T ],
(ii) (u̇(t) − ẋr(t)) (xr(t) − ϕ) ≥ 0  ∀ϕ ∈ [−r, rG:
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 x0r ∈ [−r, r] % 
Pr(x0r , u)(0) := u(0) − x0r .
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Qr(x) :=  
 (x) min{r, |x|} = min{r,max{−r, x}},
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x0r := Qr(u(0) − λ(r)).
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℘r(λ, u) := Pr(x0r , u)
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 u ∈ C0([0, T ]) 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.  β1 ∈ L1loc(0,∞), 	  0 ≤ ψ(r, v) ≤ β1(r) "  (r, v) ∈ Q.
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ψ(r, z) dz " (r, v) ∈ Q. (1)
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g(r, ℘r[λ, u](t)) dr (2)
    λ ∈ Λ0, u ∈ C0([0, T ]) 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||u||C0([0,T ]), ||v||C0([0,T ]) ≤ R, 	 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||W[λ, u] −W[μ, v]||C0([0,T ]) ≤
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|λ(r) − μ(r)| β1(r) dr + b1(R) ||u− v||C0([0,T ]).
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F : C0([0, T ]) → C0([0, T ]) F(v)(t) = v(t) + 4 πW[λ, v](t), ()
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λ ∈ L2(Ω; ΛR), "  R > 0 , (,)
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F : M(Ω; C0([0, T ])) → M(Ω; C0([0, T ])) F(u)(x, t) := F(u(x, ·))(t)
G : M(Ω; C0([0, T ])) → M(Ω; C0([0, T ])) G := F −1,
(I)






G(w)(x, t) := G(w(x, ·))(t) ∀w ∈ M(Ω; C0([0, T ]));
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u1, u2 ∈ M(Ω; C0([0, T ])), 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 Ω
||[G(u1)](x, ·) − [G(u2)](x, ·)||C0([0,T ]) ≤ LG||u1(x, ·) − u2(x, ·)||C0([0,T ]); (+)
•  	 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/ "  u ∈ M(Ω; C0([0, T ])), "  x, y ∈
Ω,
||[G(u)](x, ·) − [G(u)](y, ·)||C0([0,T ]) ≤ LG ||u(x, ·)− u(y, ·)||C0([0,T ]). ()






     	3 
  

 	  %  *.% 9	 
 %   = % B % 
  Q ⊂ R3
  
 
   < %  QT := Q× (0, T ), "  >. T > 0 
 %
  $3?:  
 = % (% ∇×    	 3)











J = σ( E + g)  
 QT ()
% c    3 "    
 		: H    
  >: J     
	
 
 : D       3




: σ      
	   
 >
 g   
 33    "
    	  "     . " 
 : " .3
FG
 	 "  3    D = ε E, % ε       3    $33 

















+ c2 ∇×∇× H = 4π c σ∇× g  
 QT . (1)
 "	  3 " 9	 





 Ω    
 " R2, %  ΩT := Ω× (0, T ) 





 x, y, z )  B 






 x, y,   B = (0, 0, B(x, y)) 
 H = (0, 0, H(x, y))  6












!"  ∇×g := (0, 0, g), 9	 
 (1)   










− c2 x,yH = 4π c σ g = σ f  
 ΩT , (2)
% %  f := 4 π c g.
$   3 
 % %	  '   
 9	 
 (2) %   
 	   

H = G(B) + γ ∂B
∂t
()
% G    	    3 






  " .3  
    
 
  
   "  "
 





  > %   3
   
   "
  
 %     	 
  B = H + 4πM
%     3

 "  
 D 
 M 
 H :   M = W(H) %
W     7  3 6  
  B = H + 4πW(H) =: F(H).
7  
    
 "  3 F .  %  
 	 
H = F−1(B) =: G(B).
6  C	 >    "  3 () 
 (I)
!












       	<   9	 
 














   ;
D 
  $3? % ( 

 γ > 0
3
 
   "   	 ) B
    H	.:  33  
 
> 	  33  H = −H̃ 
     9	 
 (,) &  
 () % 
 3











 %  	 "   
 
 " (2) %  ()
 %    
  3 
  A 
 ε, σ 























    	
 	  
  
 






  Ω ⊂ RN , N ≥ 1 " ; 3 D  %  	
 Γ 

 ΩT := Ω × (0, T ).
!
    
 %   
   	   
 " 	  3 6   "
   "	
 
 3  %' %  3  "	

   
    
3   	 ; 	 .3 
     




 "     
3 
 "  %' "	 
 " 	 3
; H−1(Ω)   	 " H10 (Ω)    "  % 
    
C 
 "  3
L2(Ω)  




H−1(Ω)〈j (φ), ϕ〉H10(Ω) :=
∫
Ω
φ ϕ dx ∀φ ∈ L2(Ω), ∀ϕ ∈ H10 (Ω). (1)
!   






:   L2(Ω)  
  
 	3 " H−1(Ω) 
     
 %  3   
 3 "
H−1(Ω). 6
 %   
 "  3 (H−1(Ω))′ %    
 	3 " (L2(Ω))′,








 %      
:  




 % %     %     j, j∗ %
   %    " 

.:  
    3 "  
 
 & " .3 (1) %   3 
(L2(Ω))′〈ψ, φ〉L2(Ω) :=(H−1(Ω))′ 〈ψ, φ〉H−1(Ω), ∀ψ ∈ (H−1(Ω))′, ∀φ ∈ L2(Ω).
I
% %  
	  3 A : H10 (Ω) → H−1(Ω) >
  "%
H−1(Ω) 〈Au, v 〉H10 (Ω) :=
∫
Ω
∇u · ∇v dx ∀u, v ∈ H10 (Ω);

















  ;3 3:    3 A−1 

  
3    





 * 3 : " 
 v ∈ H−1(Ω),






−u = v  
 D′(Ω)
γ0u = 0 
 ∂Ω = Γ,
(1)
% γ0 : H




		  3 	 
γ0v = v|Γ ∀ v ∈ C∞(Ω̄) ∩H1(Ω).
$   3 
 % 
   3 H−1(Ω) 
% %    3	
(u, v)H−1(Ω) :=H−1(Ω)< u,A
−1v >H10 (Ω) . (11)





u A−1v dx ∀u ∈ L2(Ω).
 
 %  
 "  3 H−1(Ω) %    	  
 "  Q D 3
R : H−1(Ω) → (H−1(Ω))′ %    
  "% 
 %
(H−1(Ω))′〈Ru, v〉H−1(Ω) := (u, v)H−1(Ω) ∀u, v ∈ H−1(Ω). (12)
; 	 '  %     
 > 




  Q D 3 R "  ' "  3  ):





φ A−1ψ dx ∀φ ∈ L2(Ω), ∀ψ ∈ H−1(Ω),
% %  	  "    3	 (·, ·)H−1(Ω)    







   B 
 3










    	
  ' "  3  : " 
% 
 %  L2(Ω) := V, H−1(Ω) := H 

(L2(Ω))′ := V ′.  	33  u0 ∈ V, v0 ∈ H 
 f ∈ L2(0, T ;H)   
<
%  	  ε, σ 
 γ   
 3   







 λ   
 (,) 




    "% 
 3
        	 	 u ∈ M(Ω; C0([0, T ])) ∩ H1(0, T ;V ) 
v ∈ L2(ΩT )  		 G(u) ∈ L2(ΩT )    ψ ∈ H1(0, T ;V ) 	 ψ(·, T ) = 0
   Ω∫ T
0







(γ v + G(u))ψ dx dt = σ
∫ T
0
V ′〈f, ψ 〉V dt















v ψ dx dt+
∫
Ω
u0(·)ψ(·, 0) dx. (1,)
		 % 




 3 X :
 3 "   	 
 D′(0, T ;X) 
 (0, T ) ' 
 	  
 X %    >







 " Y  Z 









(ϕ) = −f ∂ϕ
∂t
∀ϕ ∈ D(0, T ). (1I)
  "	
 





  f )













 " X  $  








D′(0, T ;X) 	 
 (1I)     
  >
  





  3 :  " .3 F1G










+ γ v + G(u) = σ A−1f  
 D′(0, T ;L2(Ω)) . (1)
!
 ":  	 ' 
 ϕ ∈ D(0, T ) 
 
 φ ∈ L2(Ω). @





ψ(t, x) := ϕ(t)φ(x).

!        
 3 	 ψ ∈ H1(0, T ;V ) 
 ψ(·, T ) = 0   
 Ω, 






(t) ∈ R " 

t ∈ [0, T ], % 
∫ T
0































A−1(ε v + σ u)φ dx dt,
% %  	  "   3	 " H−1(Ω)     
  "
 φ  
 3
 
 t. 6  
  
 %    σ
∫ T
0
V ′〈f, ψ〉V dt
  %  






− A−1(ε v(t) + σ u(t))∂ϕ
∂t





φ dx = 0;
 	 
   %  	   " ψ   V ′〈(ε v0 + σ u0)(·), ψ(·, 0)〉V 
 
 %  ψ(·, 0) = 0   






− A−1(ε v(t) + σ u(t)) ∂ϕ
∂t





 L2(Ω)  R 
 (1I) 
 (1+): %    
















 D′(0, T ;L2(Ω)) . (1)
$   3 
:  3 






	 (1)   
 L2(Ω)   




  3  
 (1) 
 (1,): %  

A−1 u|t=0 = A








 (1)   (1) 
 (1,) 




   3  
  
 :  "  
   
  	 




   
  


















 L2(0, T ;V ′)

  %  '     
  9	 
 " % 	  	 
 




 !"#	    $  %
 	 G : M(Ω; C0([0, T ])) → M(Ω; C0([0, T ]))   	   	 	   (I) &
  		
u0 ∈ V, v0 ∈ H, f ∈ L2(0, T ;H).
   
 1   $  	
u ∈ H1(0, T ;L2(Ω)), v ∈ L2(ΩT )
 		
G(u) ∈ H1(0, T ;L2(Ω)).
 6 3" "    
   
 % 3
•    	

  !
   > 3 % >. z ∈ H1(0, T ;V ) : % %
  % : "  : V := L2(Ω) : 
 % 
  7 1Z %    
	.   3  
 " 7 1  3 
 G(u) %  G(z).  

 













 D′(0, T ;L2(Ω)) :  %    
   	
A−1 u|t=0 = A




 "  (1)
 3 
:  3 	  	   






 (0, T ). &  
   3    3    	
 9	 	 
 (u, v),    


	  %   .   	
 9	 v 	 : "  φ ∈ L2(Ω) 
 " 













    (1) 6  
  
 	 
     " 	 

9	 




S " FG 6       "% 
 	  " v
v ∈ L2(ΩT ) ∩ C0(0, T ;H−1(Ω)), ∂v
∂t
∈ L2(0, T ; (L2(Ω))′).
•     
	 





z ∈ H1(0, T ;V ) : z(0) = u0} .
  z ∈ B % "	
:  
  3 	 3:  	
 9	 	 
 (u, v) " 7
1Z  6	 %  
	 
 3
J : B → B z → u.
% % 
   	3 "  z1, z2 ∈ B;  	 >




" i = 1, 2, 






(v1 − v2) + σ A−1 ∂
∂t
(u1 − u2) + γ (v1 − v2) + G(z1) − G(z2) = 0, (12)
%    
 L2(ΩT )  ; 	 	 3 (12)  (v1 − v2)  
   3	 "























|v1 − v2|2 dx+
∫
Ω





(v1 − v2), v1 − v2
)
H
(t) + σ ||v1 − v2||2H(t) + γ
∫
Ω









+ σ ||v1 − v2||2H(t) + γ ||v1 − v2||2L2(Ω)(t) +
∫
Ω


















   
∫
Ω











∣∣∣∣ ∂∂τ (z1 − z2)








∣∣∣∣ ∂∂τ (z1 − z2)
∣∣∣∣
2
(x, τ) dx dτ,
(1,)




























∀ z ∈ H1(0, T ;V ).
(1I)
$   3 











  : " t ∈
(0, T ).  	 (1,) 
  "  v1(x, 0) = v2(x, 0) (  ' 
  
:
"  3 	 3 %  v ∈ C0(0, T ;H−1(Ω)) ) & % 	
3
4

















∣∣∣∣ ∂∂τ (z1 − z2)
∣∣∣∣
2














∣∣∣∣ ∂∂t(z1 − z2)
∣∣∣∣
2















∣∣∣∣ ∂∂t(z1 − z2)
∣∣∣∣
2








 J    
 
 















   G(u) ∈ L2(Ω; C0([0, T ])). ; 	 %  	
G(u) ∈ H1(0, T ;L2(Ω)).
!   
  A	    (+):  %   "  G      3:
   "% 
 33 " G, 
     	 		  	⎧⎨
⎩
∀ v ∈ M(Ω; C0([0, T ])), ∀ [t1, t2] ⊂ [0, T ]
 " v(x, ·)   A
  
 [t1, t2]   
 Ω, 

|[G(v)](x, t2) − [G(v)](x, t1)| ≤ LG |v(x, t1) − v(x, t2)|   
 Ω
(1+)







 W 1,1(0, T ), 

(1+) 




 ΩT . (1)
1
	 %   u ∈ H1(0, T ;L2(Ω)) < " " (1) %  	 
G(u) ∈ H1(0, T ;L2(Ω))  6  >
   3" 




%    
3

 33 " G   	     	 G   








    
  !	 	       	  	%
 	 G : M(Ω; C0([0, T ])) → M(Ω; C0([0, T ]))   	   	 	   (I)  
	        	  	  	  	  	 	  	  
   ' i = 1, 2,  	 u0i , v
0
i , fi    		
u0i ∈ V, v0i ∈ H, fi ∈ L2(0, T ;H) i = 1, 2
  	 (ui, vi)   	    $  	   
 1  
||u1 − u2||2L2(ΩT ) ≤ c1 ||u01 − u02||2L2(Ω) + c2 ||v01 − v02||2H + c3 ||A−1(f1 − f2)||2L2(ΩT ),
   c1 ≡ c1(γ, T, LG)  c2 ≡ c2(ε, γ, T, LG)  c3 ≡ c3(σ, γ, T, LG) 
  	 	3 





(v1 − v2) + σA−1 ∂
∂t
(u1 − u2) + γ(v1 − v2) + G(u1) − G(u2) = σA−1(f1 − f2)
∂
∂t
(u1 − u2) = v1 − v2,
  
 L2(ΩT ).  	 3  > 9	 
 "  3 	   v1 − v2 =
∂
∂t
(u1 − u2)  




















σ2 ||A−1(f1 − f2)||2L2(Ω)(t),





  %    
    


























∣∣∣∣ ∂∂τ (u1 − u2)
∣∣∣∣
2

















   "   T  

  ||| · |||  9	 
 
 




 (1I)  
|||u1 − u2|||2 ≤ c̃1 ||u1(x, 0) − u2(x, 0)||2L2(Ω) + c̃2 ||v1(x, 0) − v2(x, 0)||2H
+ c̃3 ||A−1(f1 − f2)||2L2(ΩT ),
% c̃1 ≡ c̃1(γ, T, LG) : c̃2 ≡ c̃2(ε, γ) 
 c̃3 ≡ c̃3(σ, γ)     % >
 	

||u1 − u2||2L2(ΩT ) ≤ c1 ||u1(x, 0) − u2(x, 0)||2L2(Ω) + c2 ||v1(x, 0) − v2(x, 0)||2H
+ c3 ||A−1(f1 − f2)||2L2(ΩT ),
%  c1 ≡ c1(γ, T, LG) : c2 ≡ c2(ε, γ, T, LG) 
 c3 ≡ c3(σ, γ, T, LG)  6  >
  
3" 
$ % 		 		
 	
  !( 	%
 	 G : M(Ω; C0([0, T ])) → M(Ω; C0([0, T ]))   	   	 	   (I) 
 	 f ∈ L2(0, T ;H−1(Ω)), u0, v0 ∈ H1(Ω).    
 1   $  	
u ∈ H1(0, T ;H1(Ω)), v ∈ L2(0, T ;H1(Ω)).
) 	  f ∈ L2(0, T ;H−1(Ω)), u0, v0 ∈ H10 (Ω)  	  	  $  	   

1   		
u ∈ H1(0, T ;H10(Ω)), v ∈ L2(0, T ;H10(Ω)).
) 	   	  	 	 		
v ∈ C0(0, T ;L2(Ω)) (1)
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 3" "  > 3 " 6 12    
     
 D 
 "  & 3 H1(Ω) 
 H10 (Ω) : %  
  "	















 Ω 	  D̄ ⊂ Ω  ; χD      "	
 
 "  3

 D < " 
 h ∈ RN %  |h| <   (D,Ωc) % 
τhu(x) := u(x+ h) 
 δhu(x) := τhu(x) − u(x).

*  (u, v)   	
 9	 	 









(ε v + σ u) + γ v + G(u) = σ A−1 f,
%    
 L2(ΩT ), % v =
∂u
∂t




 L2(D × (0, T )) ) 
 
  δh v χD  
   3	
" L2(Ω) ( 9	 
  














(ε δh v + σ δh u)
]

















































||δh G(u)||L2(0,T ;L2(D)) ≤ ||δh G(u)||L2(D; C0([0,T ]))
≤LG ||δh u||L2(D; C0([0,T ]))
≤
√
T LG ||δh v||L2(0,T ;L2(D)) + LG ||δhu(x, 0)||L2(D)
" % % 	
ε
2
||δh v(x, T )||2H−1(D) + σ ||δh v||2L2(0,T ;H−1(D)) dt+
7
8
γ ||δh v||2L2(0,T ;L2(D))
≤ γ
4
||δh v||2L2(0,T ;L2(D)) +
2
γ



























   	
 3  
  3 	  
 .3  
 	 	3 
 
 




||δh v(x, T )||2H−1(D) +
γ
8





 T, ε, σ, γ, LG 	      
3

 " D. 6	: 	 

  D 
 "  3 H1(Ω) %  
v(x, t) ∈ H1(Ω)   
 [0, T ] ;
,

   
: 	 
  ;	  
 

 : %    
  
v ∈ L2(0, T ;H1(Ω)).
%    	  	  % % ' 
 "
6  "  3 H10 (Ω) 
    
  
     %
 
   	  	 (1) 
 (1)     
 	 
   
 ( " .3 FG: 3 +) 
& '   
   		 ε  σ
     
 3  "% 
 % 	
  !      ε%
'    ε > 0   	 (uε, vε)   	  $  	   
 1  
	 	  	
fε := f ∈ L2(0, T ;H−1(Ω)), u0ε := u0 ∈ H10 (Ω), v0ε := v0 ∈ H10 (Ω)
 		
uε ∈ H1(0, T ;H10(Ω)) vε ∈ L2(0, T ;H10(Ω)).
  	    #	 	 	 u ∈ H1(0, T ;H10(Ω))  v ∈ L2(0, T ;H10(Ω)) 




 H1(0, T ;H10(Ω))

  
 L2(Ω; C0([0, T ]))
vε → v %'  
 L2(0, T ;H10(Ω));

   	   (u, v)  	   	 
⎧⎨
⎩























%  > 9	 
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 3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: ()  : " 
 t ∈ [0, T ]
||∇G(uε)||2L2(Ω) ≤ ||∇G(uε)||2L2(Ω;C0([0,T ])) ≤ L2G ||∇uε||2L2(Ω;C0([0,T ]))



































































    	 
   
 (1)  	 "  
  " 	 3 












   " t ∈ (0, T ) <
% 	 
   9	 
 
 ||| · |||  
	  




























 LG, γ, T 
      
3

 " ε 
 σ 
%:    
 % %  
  ε→ 0 :     
     	 ε < 1  6 
% 	   
  "% 
  










   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  3      
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 (1)   





+ c2 ∇×∇× H = 4 π c σ∇× g  
 QT . (1,)
!" 
% % 33   > B 
 H  
 (1,)     




 	3  	 %   
 	   
 (): %  
 (11)
   !      σ %
'    σ > 0   	 (uσ, vσ)   	  $  	   
 1  
	 	  	
fσ := f ∈ L2(0, T ;H−1(Ω)), u0σ := u0 ∈ H10 (Ω), v0σ := v0 ∈ H10(Ω)
+
 		
uσ ∈ H1(0, T ;H10(Ω)) vσ ∈ L2(0, T ;H10(Ω)).
  	    #	 	 	 u ∈ H1(0, T ;H10(Ω))  v ∈ L2(0, T ;H10(Ω)) 




 H1(0, T ;H10(Ω))

  
 L2(Ω; C0([0, T ]))
vσ → v %'  
 L2(0, T ;H10(Ω));
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 3" "     
     3  
  3" "
6 1 !
:      %   
  ' σ → 0 : 
     
   
 	 σ < 1  6" (1)    "% 
  





 " σ ).
6   3        
%   
  















J = 0  





+ c2 ∇×∇× H = 0  
 QT , (1+)
% % 	
 "   3
 	
 6  9	 
 33  "   %
 " 3 $  
   : 	    
 
  >  
 
 (1I): % ()   
  	  "  F,G 





 "     (1,) 
 (1+)
  	 	  

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%   	3 
  
  	  % 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 9	 
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 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 	
 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 Q " R3 	   33  

    <  
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  	 
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 
  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9	 
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 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%
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  
  % 	 
 3 R3 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  % R3. B %






    %  	3   	 

 
 Q ⊂ R3  
     
 (0, T ).   "  ' "  3  
QT := Q× (0, T ) R3T := R3 × (0, T ).
6 *.% 9	 
  
  % R3 ("  ' "  3   %  
 

 %  %   	"	 ) 










% H    
  >: B    
   
	 
: E      > J
     	
 
 : D       3
 
 >
 c    3
"    
 		
%: 	33   %   "
  <  
    
 D = ε E, % ε  
   3   < " % 
 %  (2)  
  "% 
 %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σ( E + E)  
 Q× (0, T )
J   
 [R
3 \Q] × (0, T ).
(2)
*: "  	3 





3  χQ,     "	
 
 "   Q,   χQ = 1  
  Q 

χQ = 0 	  Q. 6	 (2) 
J = χQ( E + E) + (1 − χQ) J   
 R3T

 %    
   "% 
 ⎧⎪⎪⎨
⎪⎪⎩
c∇× H = 4 π
[











6     	  	3 %   	  
 	   
  	
 " .3   B 
 H  
 "  
 	  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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+ (1 − χQ) B,
% F    	     3 









c∇× H = 4 π
[














+ (1 − χQ) B
 
 R3T . (21)
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